Abstract. Removing the continuity of four mappings and replacing the compatibility and ϕ-weak commutativity by the weak compatibility, we obtain a generalized result of some well-known unique common fixed point theorems for four mappings defined on multiplicative metric spaces. We also give several deformed common fixed point theorems under non-continuous conditions.
Introduction and preliminaries
point theorems for four mappings. These obtained results in [10] generalized and improved the corresponding conclusions in [6] [7] [8] [9] . The pair (X, d) is called a multiplicative metric space. Example 1.1. [5] Let R + n = {(a 1 , a 2 , · · · , a n )|a 1 , a 2 , · · · , a n > 0}. Define d : R + n ×R + n → [0, ∞)
as follows
where x = (x 1 , x 2 , · · · , x n ), y = (y 1 , y 2 , · · · , y n ) ∈ R + n , | · | : R + → R + is defined by :
Then (R + n , d) is a multiplicative metric space.
Example 1.2.[9]
Let X = R and define d(x, y) = e |x−y| , ∀ x, y ∈ X. Then (R, d) is also a multiplicative metric space.
Definition 1.2.[2]
Let (X, d) be a multiplicative metric space, {x n } a sequence in X and x ∈ X.
If for every multiplicative open ball B ε (x) = {y ∈ X|d(x, y) < ε}, ε > 1, there exists a natural number N such that x n ∈ B ε (x) for all n > N, then the sequence {x n } is said to be multiplicative converging to x, denoted by x n → x(n → ∞).
Lemma 1.1.
[5] Let (X, d) be a multiplicative metric space, {x n } a sequence in X and x ∈ X. 
we call f multiplicative continuous at x. If f is multiplicative continuous at all x ∈ X, then we say that f is multiplicative continuous on X.
ping and x ∈ X. Then f is multiplicative continuous at x if and only if f x n → f x for every sequence {x n } ⊂ X with x n → x.
) be a multiplicative metric space, {x n } and {y n } two sequences and 
(ii) A and S are weakly commutative mappings, B and T are also weakly commutative mappings;
(iii) one of {A, B, S, T } is continuous;
Then S, T, A, B have a unique common fixed point.
Gu an Cho [9] introduced the concepts of the compatibility and weak compatibility of two self-mappings on multiplicative metric spaces and also gave the following fact:
commutativity =⇒ weak commutativity =⇒ compatibility =⇒ weak compatibility.
But the converse of the above fact is not true (see, Remark 2.1 in [9] ).
φ ∈ Φ [9] if and only if φ :
φ is non-decreasing and continuous in each coordinate variable;
Using φ ∈ Φ and the concepts of compatibility and weak compatibility, Gu and Cho obtained the next generalization of Theorem 1.2:
If four self-mappings S, T, A, B on a complete multiplicative metric space X satisfy the following conditions:
(ii) there exists λ ∈ (0,
(iii) one of the following conditions is satisfied:
(a) either A or S is continuous, the pair (A, S) is compatible and the pair (T, B) is weakly compatible;
(b) either B or T is continuous, the pair (T, B) is compatible and the pair (A, S) is weakly compatible.
In 2017, Jiang and Gu [10] introduced the concept of ϕ-weak commutativity of two mappings and obtained the following result:
(iii) one of the following conditions is satisfied: Note that at least one mapping must be continuous and at least one pair of mappings must be weakly commutative or compatible or ϕ-weakly commutative in Theorem 1.2-Theorem 1.4.
Hence the main aim in this paper is to obtain the same conclusions as the results in Theorem and is very different from the conclusion in [11] . Finally, we give some deformed common fixed point theorems for four mappings with commutativity but without continuity.
Definition 1.7.
[9] Let (X, d) be a multiplicative metric space and f , g : X → X be two mappings.
If f gx = g f x whenever f x = gx (x ∈ X), i.e., d( f x, gx) = 1 (x ∈ X) =⇒ d( f gx, g f x) = 1, then the pair ( f , g) is called weakly compatible.
Definition 1.8.[12]
Let X be a nonempty set and f , g : X → X two mappings. If there exist w, x ∈ X such that w = f x = gx, then x is said to be a coincidence point of the pair ( f , g) and w is said to be a point of coincidence of the pair ( f , g).
Lemma 1.5.[11]
Let (X, d) be a multiplicative metric space and f , g : X → X be the pair of weakly compatible mappings. If w = f x = gx is the unique point of coincidence of the pair ( f , g), then w is the unique common fixed point of the pair ( f , g).
2. An improvement of the well known theorems (ii) there exists λ ∈ (0 ,   1 2 ) such that for each x, y ∈ X,
(iii) the pair (A, S) is weakly compatible and the pair (T, B) is also weakly compatible;
(iv) one of {SX, AX, BX, T X} is complete.
Proof. Take any element x 0 ∈ X. In view of (i), we construct two sequences {x n } and {y n } in X satisfying
Using the condition (ii) and (2.2) and modifying the proof of the corresponding theorem in [9- 10], we can prove that the sequence {y n } is a multiplicative Cauchy sequence, i.e., d(y m , y n ) → 1 as m, n → ∞.
Suppose that either SX or BX is complete. Since y 2n ∈ SX ⊂ BX for all n = 0, 1, 2, · · · and {y 2n } is also a multiplicative Cauchy sequence as a subsequence of {y n }, there exist u, v ∈ X such that y 2n → u = Bv as n → ∞, i.e., d(y 2n , u) → 1 as n → ∞. Hence by the following fact
For each n ∈ N, by (2.1),
Letting n → ∞ in (2.3) and using Lemma 1.4 and the conditions (φ 1 )-(φ 2 ), we obtain
is a point of coincidence of T and B.
On the other hand, u = T v ∈ T X ⊂ AX implies that there exists w ∈ X such that u = Aw. For each n ∈ N, by (2.1), (φ 3 ) max{φ (t,t,t, 1,t), φ (t,t,t,t, 1), φ (t, 1, 1,t,t)} ≤ t for all t ≥ 1.
Let S = B and T = A in Theorem 2.1, then we obtain the following common fixed point theorem for two mappings. 2 ) such that for each x, y ∈ X,
(ii) the pair (T, S) is weakly compatible;
(iii) one of {SX, T X} is complete.
Then S, T have a unique common fixed point. (ii) there exists λ ∈ (0 ,   1 2 ) such that for each x, y ∈ X, 
